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In this paper, we show that any two even triangulations on the
same closed surface with the same and suﬃciently large number of
vertices can be transformed into each other by a sequence of two
speciﬁcally deﬁned deformations called an N-ﬂip and a P2-ﬂip, up
to homeomorphism, if they have the same homological structure.
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1. Introduction
A triangulation G of a closed surface F 2 is a simple graph embedded on F 2 so that each face is
triangular. A triangulation G is said to be even if each vertex of G has even degree. For a vertex v
of G , the link of v is the boundary cycle of the 2-cell region formed by the faces of G incident to v .
Suppose that an even triangulation G has a hexagonal region v1v2v3v4v5v6 with diagonals v1v3,
v3v6 and v4v6 and no inner vertices. The N-ﬂip of the path v1v3v6v4 is to replace the diagonals
v1v3, v3v6 and v4v6 with v1v5, v2v5 and v2v4 in the hexagonal region, as shown in the left-hand
side of Fig. 1. If the resulting graph is not simple, then we do not apply it.
Let G be an even triangulation on a closed surface and let v be a vertex of G with link v1 · · · vk .
Put two vertices x and y on vv1 and join them to v2 and vk , and let G ′ be the resulting graph. The
P2-ﬂip of {x, y} in G ′ is to move the inserted vertices x and y to the edge vv2 to join them to v1
and v3, as shown in the right-hand side of Fig. 1. Similarly to the above, if the resulting graph is not
simple, then we do not apply the operation.
It is easy to see that both of N- and P2-ﬂips transform an even triangulation into an even trian-
gulation. The following theorem is known [15].
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Theorem1 (Nakamoto, Sakuma and Suzuki). Any two even triangulations on the sphere with the same number
of vertices can be transformed into each other by a sequence of N- and P2-ﬂips.
A k-coloring of a graph G is a map c : V (G) → {1, . . . ,k} such that for any xy ∈ E(G), c(x) = c(y).
We say that G is k-colorable if G admits a k-coloring, and that G is k-chromatic if G is k-colorable but
not (k − 1)-colorable. It is well known that every even triangulation on the sphere is 3-chromatic.
In this paper, we would like to extend Theorem 1 to all closed surfaces. However, it is known that
each non-spherical surface admits a non-3-colorable even triangulation. As shown in Fig. 1, the two
operations preserve the 3-chromaticity of a given even triangulation, and hence a 3-chromatic one
and a non-3-chromatic one cannot be transformed into each other by the two transformations even
if they have the same and suﬃciently large number of vertices. For the projective plane, it has been
shown in [16] that any two even triangulations G and G ′ can be transformed into each other by N-
and P2-ﬂips, if both or neither of them are 3-chromatic. In this paper, we would like to consider
what conditions two even triangulations on all surfaces need to transform into each other by N- and
P2-ﬂips.
This research on even triangulations has been motivated by the earlier results on diagonal ﬂips in
triangulations [3,7,17–20] and quadrangulations [9–11]. (See the survey papers [11,19] for triangula-
tions and quadrangulations, respectively.)
2. Main theorems and monodromies of even triangulations
In this section, we describe our main theorems for even triangulations on all surfaces after intro-
ducing an important invariant for even triangulations called “monodromies.”
Let G be an even triangulation of a closed surface F 2 and let f be a face of G (called an initial
face) with three corners v1, v2, v3. Let W = f0 f1 · · · fk be a sequence of faces f i of G , called a face
walk, such that f0 = f , and f i and f i+1 share an edge, for i = 0,1, . . . ,k−1. (Let W ∗ denote the walk
of the surface dual G∗ of G corresponding to W .) For i = 1, . . . ,k, we recursively deﬁne a bijection
ci : V ( f0) → V ( f i) so that
(i) for i = 0, c0 : V ( f0) → V ( f0) is the identity, and
(ii) for i  1, ci−1 and ci coincide on the two vertices in V ( f i−1) ∩ V ( f i).
Then we get a bijection ck : V ( f0) → V ( fk), which is called the W-bijection. (See Fig. 2.) Suppose
that k  2 and f0 = fk , that is, W is a closed face walk. Then we can regard ck : V ( f ) → V ( f ) as a
permutation on V ( f ) = {v1, v2, v3}, called the W-permutation. By the indices 1,2,3 of vi in V ( f ),
we can deﬁne σG(W , f ) ∈ S3, where S3 is the symmetric group of degree 3.
It is easy to see that if we let W ′ be another closed face walk passing through f such that W ∗
and W ′ ∗ are homotopic on F 2, then we have σG(W , f ) = σG(W ′, f ). (This follows from the fact that
each vertex v of G has even degree and hence the wheel consisting of v and its link is 3-colorable.)
Moreover, we can see that if W ∗ bounds a 2-cell on F 2, then we have σG(W , f ) = id. (Observe that
W is homotopic to a closed face walk W ′ passing through all faces incident to v1 exactly once,
where v1 ∈ V ( f ). Clearly, we have σG(W ′, f ) = id, since the wheel consisting of v and its link is
3-colorable. Hence we have σG(W , f ) = id.) Therefore we can regard σG(W , f ) as a homomorphism
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Fig. 3. Even triangulations on the torus with non-congruent monodromies.
from the fundamental group π1(F 2, p) to S3, where p is a base point on F 2 corresponding to f . We
denote it by σG, f : π1(F 2, p) → S3, and call it a monodromy of G .
Let G and G ′ be two even triangulations on F 2. We say that G and G ′ have the same monodromies
if there exists a choice of initial faces f with V ( f ) = {v1, v2, v3} and f ′ with V ( f ′) = {v ′1, v ′2, v ′3} of G
and G ′ respectively such that σG, f = σG ′, f ′ . Our argument for the monodromies does not depend on
the choice of initial faces, and so we denote the monodromy of an even triangulation G simply by σG .
Observe that an N-ﬂip and a P2-ﬂip preserve the monodromy of even triangulations, since these
deformations do not change its local 3-coloring, as shown in Fig. 1. That is, if two even triangulations
G and G ′ can be transformed by N- and P2-ﬂips, then σG = σG ′ .
For two even triangulations G and G ′ on F 2, σG and σG ′ are said to be congruent and denoted by
σG ≡ σG ′ , if G and h(G ′) have the same monodromy for some homeomorphism h : F 2 → F 2. Then,
if two even triangulations G and G ′ can be transformed by the two deformations, up to homeomor-
phism, then we have σG ≡ σG ′ .
Our main theorem is as follows.
Theorem2. For any closed surface F 2 , there exists an integer N such that any two even triangulations G and G ′
on F 2 with |V (G)| = |V (G ′)| N can be transformed into each other by a sequence of N- and P2-ﬂips, up to
homeomorphism, if and only if σG ≡ σG ′ .
Let G be a 3-chromatic even triangulation on a surface F 2. Fixing any face f of G with three
corners v1, v2, v3, we take any closed face walk W starting and ending at f . Since G is 3-colorable,
each vi is mapped to itself by the W -permutation. Therefore, the monodromy σG is trivial, that is, for
any element l ∈ π1(F 2, p), we have σG, f (l) = id, where p is a base point on F 2 corresponding to f .
The left-hand side of Fig. 3 shows a 3-chromatic even triangulation on the torus, where we should
identify two vertical segments and two horizontal ones of the rectangle, respectively.
In this case, V (G) can uniquely be decomposed into three independent sets Vr(G)∪Vb(G)∪V y(G),
where these classes are referred as red, blue and yellow vertices of G , respectively. Such a decom-
position of V (G) is called the tripartition of V (G). The set {|Vr(G)|, |Vb(G)|, |V y(G)|} is called the
tripartition size of G . Observe that an N-ﬂip preserves the tripartition of V (G), but a P2-ﬂip does not,
as shown in Fig. 1. Therefore, two 3-chromatic triangulations with the same number of vertices but
distinct tripartition size cannot be transformed only by N-ﬂips.
The following is the theorem without P2-ﬂips for 3-chromatic triangulations. We say that two
even triangulations G and G ′ are N-equivalent and denoted by G ≈N G ′ if they can be transformed
into each other only by N-ﬂips, up to homeomorphism.
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3-chromatic triangulations G and G ′ on F 2 are N-equivalent, up to homeomorphism, if they have the same tri-
partition size {Nr +m,Nb +n,Ny + l} for some non-negative integers m,n and l satisfying triangle inequality.
Let D be a non-bipartite even embedding on a closed surface F 2, that is, an embedding on F 2
such that each face is bounded by a cycle of even length. The face subdivision of D , denoted by S(D),
is the embedding obtained from D by adding a new single vertex into each face of D and joining
it to all vertices on the corresponding boundary cycle. The set of the vertices added to D is called
the color factor of S(D). Clearly, S(D) is an even triangulation on F 2. An even triangulation obtained
from a non-bipartite even embedding by a face subdivision is called a proper face subdivision. (Note
that if G is a 3-colorable triangulation on a closed surface F 2, then each of the three color class is a
color factor of G , but the embedding obtained from G by removing a color factor is a bipartite even
embedding.)
Let G be an even triangulation and let f be a face of G with three corners v1, v2, v3. The color
factor of G can be deﬁned to be the set S of vertices s such that exactly one of v1, v2, v3 is mapped
to s by the W -bijection for any face walk W from f to a face incident to s. Let G be a proper face
subdivision obtained from a non-bipartite even embedding H , in which we color the vertices of H by
black and the color factor by white. (See the center of Fig. 3.) It is easy to see that for any face walk W
of G , a white vertex of the initial face must be mapped to a white vertex of the terminal face by the
W -bijection. On the other hand, for a closed face walk W through a face f , the W -permutation
exchanges two black vertices of f if and only if WH has odd length, where WH is the closed walk
of H obtained from W by removing all white vertices. Since each edge of H is contained in a closed
walk of odd length in H (since H is non-bipartite), a black vertex of G cannot be contained in a color
factor of G . Hence G has a unique color factor, that is, the set of all white vertices. We denote the
color factor of G by U (G) throughout the paper.
Clearly, an N-ﬂip does not change the number of white vertices of G . The following is a theorem
for proper face subdivisions only by N-ﬂips.
Theorem 4. For any closed surface F 2 , there exists a set {N,NU } of positive integers such that any two proper
face subdivisions G and G ′ on F 2 with |V (G)| = |V (G ′)| N and |U (G)| = |U (G ′)| NU are N-equivalent,
up to homeomorphism, if and only if they have congruent monodromies.
Finally we show the theorem for even triangulations which are neither 3-chromatic nor proper
face subdivisions. Such even triangulations are said to be generous. (See the right-hand side of Fig. 3.)
Theorem5. For any closed surface F 2 , there exists an integer N such that any two generous even triangulations
G and G ′ on F 2 with |V (G)| = |V (G ′)| N are N-equivalent, up to homeomorphism, if and only if σG ≡ σG ′ .
Clearly, if G is 3-colorable, a P2-ﬂip changes its tripartition size. Moreover, if the graph is a proper
face subdivision, the operation can change the order of its color factor. Theorem 5 claims that a P2-ﬂip
is not needed for generous ones.
We prove only Theorem 3 to avoid a repetition of similar arguments. Then suitable modiﬁcations
will prove Theorems 4 and 5. Finally introducing a P2-ﬂip, we prove Theorem 2.
In order to prove our main theorem, we show in Section 4 that for any surface F 2, there exist only
ﬁnitely many minimal even triangulations on F 2 with respect to several reductions. The ﬁniteness
of minimal triangulations with respect to edge contractions is well known and was proved in many
ways [1,4,5,14]. Moreover, a similar fact for quadrangulations is also known. However, the ﬁniteness
we proved for even triangulations cannot be immediately obtained from those of triangulations and
quadrangulations.
3. Moving vertices of degree 4 and triangles
Let G be an even triangulation and let e (= rb) be an edge of G shared by two faces rby1 and rby2.
Subdivide e by two vertices u and v to form a path ruvb, and add edges vyi,uyi for i = 1,2, as
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Fig. 5. Moving a 2-subdividing pair of vertices.
Fig. 6. Addition and removal of an octahedron.
shown in Fig. 4. We call this operation a 2-subdivision of e. In the resulting graph, {u, v} is called
a 2-subdividing pair. If G is 3-chromatic and r ∈ Vr(G), b ∈ Vb(G) and y1, y2 ∈ V y(G), then we have
u ∈ Vb(G) and v ∈ Vr(G), clearly.
See Fig. 5. We can move a 2-subdividing pair to an alternate edge by exactly two N-ﬂips. This fact
suggests the following three lemmas. In fact, the 3-chromatic case was ﬁrst given in [15]. We say that
an edge with red and blue endpoints is an rb-edge. Similarly, we can deﬁne a by-edge and an ry-edge
as one with blue and yellow endpoints and one with red and yellow endpoints, respectively.
Lemma 6. (See [15].) Let K be a 3-chromatic triangulation on any surface F 2 , and let e and e′ be any two
rb-edges of K . Let G (respectively G ′) be the even triangulation on F 2 obtained from K by a 2-subdivision of e
(respectively e′). Then G and G ′ are N-equivalent.
Let G be an even triangulation on a closed surface F 2 and let f be a face of G bounded by v1v2v3.
The addition of an octahedron to f is to put a triangle a1a2a3 to add edges ai v j,ai vk for all distinct
i, j,k ∈ {1,2,3}. Its inverse operation is called the removal of an octahedron. See Fig. 6.
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Fig. 8. N-ﬂip transforming K + (2) into K + rb(1) + by(1) + ry(1).
Lemma 7. Let K be an even triangulation on any surface F 2 , and let f and f ′ be any two faces of G. Let G
(respectively G ′) be the even triangulation on F 2 obtained from K by addition of an octahedron to f (respec-
tively f ′). Then G and G ′ are N-equivalent.
Proof. It suﬃces to prove that an octahedron added to f can be moved to a neighboring face by
N-ﬂips. See Fig. 7, in which we can see that the simpleness of the graphs are always preserved. 
Let G be a 3-chromatic triangulation on a closed surface F 2. Let G + rb(p) + by(q) + ry(r) denote
a 3-chromatic triangulation on F 2 obtained from G by adding p, q and r 2-subdividing pairs to an
rb-edge, a by-edge and an ry-edge arbitrarily chosen in G , respectively. This has precisely |V R(G)| +
p + r red vertices, |V B(G)| + p + q blue vertices and |VY (G)| + q + r yellow vertices, and hence has
|V (G)| + 2p + 2q + 2r vertices in total. This expresses various even triangulations, depending on the
choice of the edges to be 2-subdivided, but Lemma 6 guarantees that they are all N-equivalent, and
hence G + rb(p)+by(q)+ ry(r) expresses a unique even triangulation, up to N-equivalence. Similarly,
let G +(m) denote an even triangulation obtained from G by the addition of m octahedra. Note that
G +(m) has |V (G)|+3m vertices. By Lemma 7, G +(m) expresses a unique even triangulation, up
to N-equivalence.
The following lemma connects the two expressions G + rb(p) + by(q) + ry(r) and G + (m).
Lemma 8. Let G be a 3-chromatic triangulation on a closed surface F 2 and let m be any non-negative integer.
Then G + rb(m) + by(m) + ry(m) and G + (2m) are N-equivalent.
Proof. Since 2-subdividing pairs and octahedra added can be moved to anywhere, by Lemmas 6
and 7, we have only to prove that K + rb(1) + by(1) + ry(1) ≈N K + (2). See Fig. 8, which shows
that K + (2) is transformed into K + rb(1) + by(1) + ry(1) by one N-ﬂip. 
4. Reductions in even triangulations
Let G be an even triangulation on a closed surface F 2. Let v be a vertex of degree 4 or 6 whose
link is x0x1 · · · x2k−1, where k ∈ {2,3}. The contraction of v at {xl, xl+k} is to remove v and identify xl+i
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Fig. 10. The 2-elimination and edge elimination.
Fig. 11. N-ﬂips making an octahedron.
and xl−i for i = 1, . . . ,k − 1, where the subscripts are taken modulo 2k. (See Fig. 9.) We say that G is
contractible at v if for some l, the contraction of v at {xl, xl+k} results in a simple graph.
Suppose that G has a quadrangular region R bounded by a 4-cycle abcd containing only two
vertices x and y with N(x) = {a,b, c, y} and N(y) = {a, c,d, x}. The 2-elimination of xy is to delete x
and y, identify a and c, and replace two pairs of multiple edges with two single edges, respectively,
as shown in the left-hand side of Fig. 10. This operation must preserve the simpleness of the graphs.
Suppose that G has a vertex v of degree at least 8 with link a3a2a1xb1b2b3 · · ·. The edge elimination
of the edge vx with respect to v is to identify ai and bi , for i = 1,2, as shown in the right-hand side
of Fig. 10. Similarly to the above two operations, we must preserve the simpleness of the graphs.
Lemma 9. Let G be a 3-chromatic triangulation on a closed surface F 2 .
(i) Suppose that G has a red vertex v of degree 4 which is contractible at blue vertices and let G ′ be the
resulting graph by the contraction. Then G is N-equivalent to G ′ + ry(1).
(ii) Suppose that G has a contractible vertex v of degree 6, and let G ′ be the resulting graph by the contraction.
Then G is N-equivalent to G ′ + (1).
Proof. The statement (i) has already proved in [15], and hence we prove only (ii). Let v1v2v3v4v5v6
be the link of v in G , where p = v1 and q = v4. Let a1 · · ·a2h−4xv3vv1 and b1 · · ·b2k−4xv2vv4 be the
links of v2 and v3 in G respectively, where x, v ∈ N(v2) ∩ N(v3). (See Fig. 11(1).)
Apply N-ﬂips of vv1v2a1, va2v2a3, . . . until v2 has degree 4. (See Fig. 11(2).) Since v is con-
tractible at {v1, v4} in G , the link of v2 does not contain v6 in G , and hence the new edges a1v6,
a2v6, . . . ,a2h−4v6 and va2h−4 do not form multiple edges. Second, apply an N-ﬂip of v6va2h−4v2.
(See Fig. 11(3).) Finally, apply N-ﬂips of vv4v3b1, . . . until v3 has degree 4. (See Fig. 11(4).) Then the
resulting graph is nothing but G ′ + (1). 
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Lemma 10. Let v be a red vertex of degree 2l  8 with link v1v2 · · · v2l , and let G ′ be the graph obtained
from G by an edge elimination of vvi with respect to v. Then G is N-equivalent to G ′ + by(1).
Proof. Let v3vv1a1 . . .apx and v2vv4b1 · · ·bqx be the links of v2 and v3, respectively. Similarly to the
proof of Lemma 9(ii), we may suppose that the link of v2 does not contain v2l . Note that v2 and v3
are blue and yellow, respectively. Applying N-ﬂips to G similarly to the proof of Lemma 9(ii), we have
the right-hand triangulation in Fig. 12, which has a 2-subdividing pair. Then the resulting graph is
G ′ + by(2). 
Lemma 11. Let G be an even triangulation on a closed surface F 2 and let x and y be two neighboring vertices
of degree 4. Let H be the graph obtained from G by a 2-elimination of xy. Then G is N-equivalent to H +(1).
Proof. Let abcy and adcx be the links of x and y, respectively, and let R be the quadrilateral
bounded by abcd. Let bxydp1 · · · p2k be the link of a in G , where k  0. Apply N-ﬂips of ydap1,
yp2ap3, . . . , yp2k−2ap2k−1, then we can obtain H + (1). These operations do not break the simple-
ness of the graph because H is simple. 
We call the three kinds of operations (a contraction of a vertex, a 2-elimination, an edge elimina-
tion and a removal of an octahedron) simply the reductions.
We can prove the following theorem, applying Lemmas 9, 10 and 11 inductively.
Lemma 12. Let G be a 3-chromatic triangulation on a closed surface F 2 . Suppose that G can be transformed
into H by a sequence of reductions. Then G is N-equivalent to H + rb(p) + by(q) + ry(r) + (m), where
|Vr(G)| − |Vr(H)| = p + r +m, |Vb(G)| − |Vb(H)| = p + q +m and |V y(G)| − |V y(H)| = q + r +m.
Note that in Lemma 12, we can take m ∈ {0,1}, by Lemma 8. If we ﬁx a possible value of m, we
can take the numbers p,q and r uniquely.
5. Irreducible even triangulations
Let G be an even triangulation on a closed surface F 2. We say that G is irreducible if any reduction
for G results in a non-simple graph. For the sphere, the unique irreducible even triangulation is the
octahedron [2].
In this section, we shall prove the following lemma.
Lemma 13. Every closed surface admits only ﬁnitely many irreducible even triangulations, up to homeomor-
phism.
We begin with the following lemma which describes the local structures of irreducible even trian-
gulations. It is very important throughout this section and the key to prove the above lemma.
K.-i. Kawarabayashi et al. / Journal of Combinatorial Theory, Series B 99 (2009) 229–246 237Lemma 14. Let G be an irreducible even triangulation on a non-spherical closed surface. Then the following
statements hold for G.
(i) G has no non-facial triangular region.
(ii) If G has a vertex v of degree 4 with link v1v2v3v4 , then there are two essential 3- or 4-cycles passing
through {v, v1, v3} and {v, v2, v4}, respectively.
(iii) If G has a quadrangular region R of G, then R contains at most two inner vertices. If R has exactly two
inner vertices, then they are adjacent.
(iv) If G has a vertex v of degree 2k  6 with link v0 · · · v2k−1 , then for each i, either vi+1 and vi−1 are
connected by a path Pi of length at most 2 such that vvi+1Pi vi−1 is an essential 3- or 4-cycle, or vi+2
and vi−2 are so.
Proof. (i) Suppose that G has a non-facial triangular region R with boundary ∂R . Take R to be in-
nermost, that is, there is no such region in R . It is known that every planar graph has at least four
vertices of degree less than 6, and hence there is an inner vertex v of degree 4 in R . Let v1v2v3v4
be the link of v in G . Since v is contractible at neither {v2, v4} nor {v1, v3}, there are 3- or 4-cycles
C1 and C2 passing through {v, v1, v3} and {v, v2, v4}, respectively. Note that vi and vi+2 do not lie
on ∂R simultaneously. (For otherwise, vi vvi+2 bounds a smaller non-facial triangular region in R ,
a contradiction.) Therefore, both C1 and C2 are included in R , and hence they cross at v and another
vertex, say x, in R . Since every 3-cycle in R other than ∂R bounds a face, we can ﬁnd an octahedron
with vertices {x, v, v1, v2, v3, v4} in G . Clearly, this is removable from G , a contradiction.
(ii) Since v is contractible at neither {v2, v4} nor {v1, v3}, there are 3- or 4-cycles C1 and C2
passing through {v, v1, v3} and {v, v2, v4}, respectively. Similarly to the above case, if both C1 and C2
bound disks, then we can ﬁnd a removable octahedron, a contradiction. Therefore, we may suppose
that C1 is essential. If C2 bounds a 2-cell (say, contain v1 in the interior), then C1 and C2 must cross
at two vertices v and another vertex, say x, and two 3-cycles v1xv2 and v1xv4 bound faces of G ,
by (i). Since the 2-elimination of v and v1 is impossible in G , we can ﬁnd a 3- or 4-cycle, say C ,
through v2, v and v4. Since C does not cross C1 except v , C must be essential.
(iii) Let G ′ denote the subgraph of G consisting of the vertices and the edges on R and let ∂G ′ =
x1x2x3x4 be the boundary cycle of G ′ . Since G ′ can be a subgraph of an even triangulation on the
sphere, G ′ is 3-chromatic. Moreover, the maximal plane graph G ′′ obtained from G ′ by joining a new
vertex u to x1, x2, x3 and x4 has minimum degree 4, by (i). Note that G ′′ has at least six vertices of
degree less than 6, by Euler’s formula, and every vertex of G ′′ except u, x1, x2, x3, x4 has even degree.
Hence G ′′ has a vertex, say v , of degree 4, where v /∈ {u, x1, x2, x3, x4}. Let v1v2v3v4 be the link
of v in G ′ . By (ii), there are two essential 3- or 4-cycles passing through v , each of which cannot be
contained in G ′ completely. Therefore, we may assume that v1 = x1 and v2 = x2. If v3, v4 /∈ V (∂G ′),
then we have v3x3, v4x4 ∈ E(G ′), and hence the subgraph of G ′ induced by {v1, v2, v3, v4, x3, x4} is
not 3-colorable, contrary to χ(G ′) = 3. Therefore, we may suppose that x3 ∈ V (∂C ′). In this case,
either v4 ∈ V (∂G ′) or v4 is adjacent to a vertex on ∂G ′ . Hence the lemma holds, since a triangular
region of G ′ must be a face, by (i).
(iv) Since the edge elimination of the edge vvi is impossible when deg(v)  8, and since the
contraction of v is impossible when deg(v) = 6, vi+1 and vi−1 are joined by a path Pi of length
at most 2, or vi+2 and vi−2 are so. Since we can similarly deal with these two cases, we consider
only the former. If we can choose Pi so that the 4-cycle vvi+1Pi vi−1 is essential, then we are done.
Otherwise the 4-cycle vvi+1Pi vi−1 bounds a 2-cell, say Di . By (iii), there are one or two vertices of
degree 4 in Di . By (ii), such a vertex of degree 4 is included in two essential 3- or 4-cycles. Hence
there is an essential 3- or 4-cycle passing through vi−1, v, vi+1. 
The following lemma plays an essential role to prove Lemma 13.
Lemma 15. (See Juvan, Malnicˇ andMohar [6].) For any closed surface F 2 and any non-negative integer k, there
exists a constant f (k, F 2) such that if L is a set of pairwise non-homotopic simple closed curves on F 2 such
that any two elements of L cross at most k times, then |L| f (k, F 2).
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Note that for two simple closed curves l1 and l2 on a surface, “l1 crosses l2” means that they cross
transversely. On the other hand, “l1 intersects l2” means that l1 might touch l2 and not necessarily
cross l2.
We ﬁrst bound the maximum degree (G) of an irreducible even triangulation G .
Lemma 16. Let G be an irreducible even triangulation on a non-spherical closed surface F 2 . Then themaximum
degree of G is bounded by a constant depending only on F 2 .
Proof. We shall prove that (G)  12 f (1, F 2) + 5, where f (·, F 2) is the function in Lemma 15. For
contradictions, suppose that G has a vertex v with deg(v) 12 f (1, F 2) + 6.
Let Lv be the link of v in G . Give a direction to Lv and denote the directed cycle by Lv .
Let a1,b1, c1,d1, e1, f1,a2,b2, c2,d2, e2, f2, . . . ,al,bl, cl,dl, el, fl be 6l consecutive vertices of Lv taken
along Lv , where l 2 f (1, F 2) + 1. Let P (a,b) denote the path in Lv starting at a ∈ V (Lv) and ending
at b ∈ V (Lv) along Lv . By Lemma 14(iv), for each i, we can take a path Pi of length at most 2 joining
bi and di (or ai and ei) so that the 3- or 4-cycle, say Ci , obtained from Pi by joining v to the end-
points of Pi is essential. For a simple notation, we denote the endpoints of Pi by xi and yi , where
either (xi, yi) = (bi,di) or (xi, yi) = (ai, ei) for each i.
For some i, if Ci crosses C j with i = j, then Ci has length 4 and the inner vertex of Pi (say zi)
coincides with some vertex of C j other than v . Observe that if Ci and C j cross transversely at least
twice, then zi coincides with either of x j or y j , and the inner vertex of P j (say z j) coincides with
either of xi and yi . So we can ﬁnd multiple edges, a contradiction. (Note that C1 and C2 do not share
an edge connecting {xi, yi} and {x j, y j}, since C1 and C2 cross twice.)
Since F 2 admits at most f (1, F 2) simple closed curves which are pairwise non-homotopic and
cross at most once, and since l  2 f (1, F 2) + 1, at least three, say Cp,Cq,Cr with p < q < r,
of {C1, . . . ,Cl} are homotopic on F 2, by the Pigeonhole Principle. Let D˜ be the conﬁguration which
is the union of the disk D bounded by Lv and the three cycles Cp,Cq and Cr of length 3 or 4, and
consider whether D˜ can be embedded in F 2 so that all of Cp,Cq and Cr are homotopic on F 2.
Suppose that D˜ has an embedding on F 2 such that Cp,Cq and Cr are 2-sided. Then no two of
them cross, since any two homotopic 2-sided simple closed curves have an even number of crossings.
Observe that in the embedding of D˜ , Cp and Cq bound a pinched annulus A (i.e., an annulus where
the two boundary components might touch several times), and that v is a pinched point of A. See
the left-hand side of Fig. 13. Since xp, yp, xq, yq, xr and yr appear around v in this cyclic order, and
since Cr does not cross both Cp and Cq , we cannot take Cr in A to be homotopic to Cp and Cq ,
a contradiction.
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of them cross exactly once. Observe that Cp and Cq bound a pinched Möbius band M . Moreover,
xp, yp, xq, yq, xr, yr lie on Lv in this order, Cp and Cq touch at v and cross at some vertex u other
than v . See the right-hand side of Fig. 13. Note that u /∈ {xp, yp, xq, yq, xr, yr}. (For example, if u =
xq , then yp vu bounds a non-facial triangular region, since yp and xq are not adjacent in G . This
contradicts Lemma 14(i).) Hence both xr and yr are inner vertices of the 2-cell region bounded by the
4-cycle vyquxp , and hence there does not exist a 1-sided cycle of length at most 4 joining xr and yr
through v , a contradiction. 
Next we shall bound the diameter diam(G) of an irreducible even triangulation G .
Lemma 17. Let G be an irreducible even triangulation on a non-spherical closed surface F 2 . Then the diameter
of G is bounded by a constant depending only on F 2 .
Proof. We shall prove that diam(G)  35 f (0, F 2) + 6, where f (·, F 2) is the function in Lemma 15.
For contradictions, suppose that G has two vertices x and y with distance at least 35 f (0, F 2) + 7.
Let P be a path from x to y attaining that distance, and let v1 (= x), v2, . . . , vl be the vertices on P
lying in this order, where l  5 f (0, F 2) + 1, so that vi and vi+1 have distance exactly 7 on P , for
i = 1, . . . , l − 1. By Lemma 14(iv), for i = 1, . . . , l, we can take an essential 3- or 4-cycle passing
through vi , denoted by γi . Since vi and v j have distance at least 7 for any i and j, γi and γ j
are pairwise disjoint. Since F 2 admits only f (0, F 2) pairwise non-crossing non-homotopic essential
cycles, and since l  5 f (0, F 2) + 1, we can take six pairwise homotopic cycles in {γ1, . . . , γl}, by the
Pigeonhole Principle. Let D1, . . . , D6 be such six 3- or 4-cycles, each of which is 2-sided since they
are pairwise homotopic and disjoint. We may suppose that D1, . . . , D6 lie on an annulus in this order.
Let A be the annular subgraph of G bounded by D1 and D6, and let A′ be the subgraph of A bounded
by D2 and D5.
We shall prove that there is an inner vertex of degree 4 or 6 in A′ . For getting contradictions,
suppose that each inner vertex of A′ has degree at least 8. Let T be the triangulation on the torus
obtained from A′ by pasting D2 and D5. (If D2 and D5 have different length, say 3 = |D2| < |d5| = 4,
then subdivide an edge of D2, identify the two boundary components and add an edge to be a
triangulation.) Let D be the cycle of T obtained from D2 and D5 by identifying them. Let |V (D)| = t
and |V (T − D)| = s. Since D2 and D5 can be assumed to be chordless in G , each vertex of D in T has
degree at least 4. On the other hand, we have s  6, since each of D3 and D4 has length at least 3.
Therefore, since 3 t  4 and s 6, the average degree of T is
 4t + 8s
t + s  6+
2(s − t)
t + s > 6.
This contradicts the fact that every triangulation on the torus has average degree exactly 6. Hence
A′ has an inner vertex v of degree at most 6.
We ﬁrst suppose that deg(v) = 4 and let u0u1u2u3 be the link of v in G . By Lemma 14(ii), we can
take two essential 3- or 4-cycles C1 and C2 through {v,u0,u2} and {v,u1,u3}, respectively. Since C1
and C2 must be homotopic by the obstruction of D1 and D6, both C1 and C2 have length exactly 4
and cross at exactly two vertices v and another vertex, say x. By Lemma 14(i), xu0u1 and xu2u3
bound faces in G . Since G is simple, we have deg(u0) = k  6, and let xu1vu3p1 · · · pk−4 be the link
of u0. (See the left-hand side of Fig. 14.) Now identify v and p1, and u1 and p2, respectively, by the
contraction of u when deg(v) = 6, or the edge elimination otherwise. It must be possible since v and
p1 (and u1 and p2) cannot be joined by a path of length at most 2 not through v , by Lemma 14(i),
(iii) and the obstruction of D1 and D6. This contradicts that G is irreducible.
Second, suppose that there is no vertex of degree 4 in A′ and there is v with deg(v) = 6, and let
u0u1u2u3u4u5 be the link of v in G . Since v is not contractible, there are several paths P0, . . . , Pm−1
of length at most 2 each of which connects two vertices of distance 2 in the link of v . If we let Ci
be the cycle obtained from Pi by joining v to the endpoints of Pi , for i = 0, . . . ,m − 1, then Ci is
essential, by Lemma 14(iv). If there is a sequence ui,ui+1,ui+2,ui+3 such that Pa joins ui and ui+2
and Pb joins ui+1 and ui+3 for some a,b, then the same argument as above follows.
240 K.-i. Kawarabayashi et al. / Journal of Combinatorial Theory, Series B 99 (2009) 229–246Fig. 14. The local structures around v in A.
Therefore, if P1 is a path of length at most 2 joining u0 and u2 (possibly through u3), then P2
must join u2 and u4. If both P1 and P2 have length 1, then u5 has degree exactly 4, by Lemma 14(iii).
Hence, we can get a contradiction around u5, as in the previous case. Therefore, we cannot forbid a
contraction of v at {u2,u5} without making multiple edges, and hence G is not irreducible, a contrac-
tion. 
Now we shall prove Lemma 13.
Proof of Lemma 13. Let G be a graph with maximum degree  and diameter d. Take any vertex v
in G . Then the number of the neighbors of v in G is at most , and that of the vertices of G whose
distance is 2 from v is at most ( − 1). In general, the number of vertices of G with distance k
from v is at most ( − 1)k−1. Therefore,
∣∣V (G)
∣∣ 1+
d∑
k=1
( − 1)k−1 = 1+ ( − 1)
d − 1
 − 2 .
Hence, every irreducible even triangulation G on F 2 has a ﬁnite number of vertices, since its max-
imum degree and distance is bounded by a constant depending only on F 2, by Lemmas 16 and 17.
Thus, F 2 admits only ﬁnitely many irreducible even triangulations, up to homeomorphism. 
6. Stably equivalence
Let G be an even triangulation on a closed surface F 2. An even triangulation H is said to be a
reﬁnement of G if H satisﬁes the following two conditions:
(i) H includes a subdivision of G .
(ii) For a triangular face f of G bounded by v1v2v3, let R f be the plane subgraph of H corresponding
to f , and let Pi be the path of the boundary cycle of R f corresponding to the edge vi vi+1. Then
each Pi has an odd length. Moreover, each inner vertex of Pi has an odd degree in R f , and other
vertices have even degree.
Observe that the condition (ii) guarantees an important property of H that if a 3-coloring c of the
vertices v1, v2, v3 of f in G is given, then R f admits a 3-coloring c′ such that c(vi) = c′(vi) for
i = 1,2,3. (This can be seen by the following procedures: Put R f on the plane, put a 3-cycle x1x2x3
surrounding R f , and join xi to all the vertices on Pi , for i = 1,2,3. Then we obtain an even trian-
gulation on the plane, by the condition (ii). Consider a unique 3-coloring of this even triangulation.)
Hence G and the reﬁnement H have the same monodromy.
The following is a main result in this section, which is the most important argument in this paper
controlled by the monodromies of two even triangulations.
Theorem 18. Let G and G ′ be two even triangulations on the same closed surface F 2 . Then G and G ′ have a
common reﬁnement if and only if their monodromies are congruent.
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closed curve l on F 2 is said to be identity-assigned if σG([l]) = id, where [l] stands for the homotopy
class of l. The following lemma is useful.
Lemma 19. (See [12,13].) Let G be an even triangulation G on F 2 except the sphere and the projective plane.
Then G admits an identity-assigned 2-sided essential closed curve l by σG . In particular, if l cannot be chosen
to be non-separating, then l separates a crosscap from F 2 .
Suppose that an even triangulation G has disjoint cycles C1 and C2 homotopic to an identity-
assigned simple closed curve l. Let A be a submap of G bounded by C1 and C2. Then A is 3-colorable
since l is identity-assigned. We say that a cycle C of A is bicolored in G if the vertices of C are 2-
colored in the unique 3-coloring of A. Cutting G along C is an operation transforming G into an even
triangulation (if l is non-separating) or a disjoint union of two even triangulations (otherwise) with
boundary components C+ and C− corresponding to C . Capping off is to paste 2-cells of C+ and C− ,
add two new vertices x+ and x− (called auxiliary vertices) to join them to all vertices of C+ and C− ,
respectively. Then the resulting map is an even triangulation since C is bicolored.
Let G be an even triangulation on the projective plane N1. It is proved by Mohar [8] that every
even triangulation on N1 has a face subdivision of some even embedding on N1. So G is a face
subdivision of some even embedding H . Cutting G along an essential cycle C of H , pasting a 2-cell
to the boundary and putting a new vertex x joined to all vertices on the boundary, we obtain a 3-
chromatic even triangulation. Similarly to the 2-sided case, we can deﬁne a cutting, a capping off , and
an auxiliary vertex x.
In order to prove Theorem 18, we ﬁrst prove the following. Let ε(F 2) denote the Euler character-
istic of a closed surface F 2.
Lemma 20. An even triangulation G on a non-spherical closed surface F 2 has a reﬁnement D with pairwise
disjoint 2-sided cycles A1, . . . , Ap and 1-sided cycles B1, . . . , Bq for some p,q  0 with 2p + q  2− ε(F 2)
such that the triangulation obtained from D by cutting and capping along A1, . . . , Ap and B1, . . . , Bq is 3-
chromatic.
Proof. If G is 3-chromatic, then G itself is a required reﬁnement with no Ai and no B j . Hence we
suppose that G is not 3-chromatic, and ﬁnd an identity-assigned essential cycle for cutting and cap-
ping off, until the resulting even triangulation by cutting and capping off is 3-chromatic. If F 2 is
the projective plane, begin with Procedure 2. By Lemma 19, G admits an identity-assigned essential
2-sided simple closed curve l.
Procedure 1. Suppose that l is chosen to be non-separating. Let W be the closed face walk of G
consisting of the faces through which l passes. We begin by coloring the three vertices of any ﬁxed
face f of W by 1,2 and 3, and extend this to the vertices of each faces of W by the W -bijection.
Since l is identity-assigned, there is a 3-coloring c of the vertices of W . (Note that c is just a 3-
coloring of the vertices of each face in W , but might not be a 3-coloring of the vertices of W in G .)
We put new vertices on all crossing points of l and edges of G . Let v1 · · · vm be the cycle consisting
of the vertices added to l. We use 1 and 2 to color v1, . . . , vm in this order by the following rule.
Suppose that vi is added on an edge xy of W . Observe that one of c(x) and c(y) is 1 or 2, say
c(x) = 1. Then we color vi by 1, and insert a vertex colored by c(y) on the edge vix. Do the same
procedure to v1, . . . , vm . If vi and vi+1 have the same color, then insert a vertex colored by another
color (1 or 2) to the edge vi vi+1. At the end of this step, add edges and vertices so that the resulting
graph, denoted by K , is an even triangulation and has a 3-coloring in W . Then K is a reﬁnement
of G . Note that the cycle, denoted by C , corresponding to l is a bicolored cycle of K . Here observe
that adding several 2-subdividing pairs of vertices to an edge of C , we can increase the length of C
to any even number. Now we cut open K along C , where C+ and C− denote the two boundary
cycles corresponding to C . Note that |C+| = |C−|. Let H be the even triangulation obtained from K
by cutting and capping along C by auxiliary vertices x+ and x− , respectively. Clearly, H is an even
triangulation on the surface whose Euler characteristic is increased by 2.
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a reﬁnement K which has a bicolored cycle L separating a crosscap from F 2. Let P be the even
triangulation on N1 with an auxiliary vertex v . Here we may suppose that P is not 3-chromatic
(since we are ﬁnding a cycle whose cutting makes a triangulation 3-colorable). As mentioned above,
P is a face subdivision of some even embedding Q . Since Q is non-bipartite, we can ﬁnd an essential
odd cycle C in Q . Here note that the length of C can be increased to any odd number by inserting
2-subdividing pairs to an edge of C . Moreover, C can be chosen not to pass through v . (For otherwise,
i.e., if every essential cycle of Q passed through v , then Q − v would be a planar embedding in N1,
but this contradicts the 2-representativity of Q .) Let H be the even triangulation obtained from K by
cutting and capping along such a 1-sided cycle C by an auxiliary vertex x. Note that H is an even
triangulation on the surface whose Euler characteristic increased by 1.
Applying Procedures 1 and 2 repeatedly, we get a 3-chromatic even triangulation D˜ on a closed
surface F ′2. However, in the process of Procedures 1 and 2, we should take l not to cross edges
incident to auxiliary vertices. It is possible since two links of two distinct auxiliary vertices are dis-
joint. Let D be the even triangulation on F 2 obtained from D˜ by removing all auxiliary vertices and
identifying the corresponding boundaries. Then D is a reﬁnement of G .
Suppose that we apply Procedures 1 and 2, p and q times, respectively. Let A1, . . . , Ap be the
disjoint 2-sided cycles in D arisen in Procedure 1, and let B1, . . . , Bq be the disjoint 1-sided cycles in
D arisen in Procedure 2. Since ε(F ′2)  2, we have 2a + b  ε(F ′2) − ε(F 2)  2 − ε(F 2). Therefore,
D is a required reﬁnement of G . 
Proof of Theorem 18. Let G and G ′ be two even triangulations on the same surface F 2 with the
same monodromy. By Lemma 20, G has a reﬁnement D with identity-assigned p essential 2-sided
cycles A1, . . . , Ap and q 1-sided cycles B1, . . . , Bq . Since G ′ has the same monodromy as G , G ′ has
a reﬁnement D ′ with identity-assigned p essential 2-sided cycles A′1, . . . , A′p and q 1-sided cycles
B ′1, . . . , B ′q , where we may suppose that Ai and A′i are homotopic on F
2, and so are B j and B ′j ,
for each i, j, and that |Ai | = |A′i| and |B j | = |B ′j | for each i, j since the length of the cycles can
be increased to any odd (respectively even) number by inserting 2-subdividing pairs in Procedure 1
(respectively 2).
Let D˜ be the 3-chromatic triangulation obtained from G by cutting along Ai and B j for each i
and j. The surface where D˜ embeds, denoted by Σ , has 2a + b boundary components, and each
boundary cycle is 2-colored. Let A+i and A
−
i be the two boundary components of D˜ corresponding
to Ai for i = 1, . . . , p, and let B±j = B+j ∪ B−j be the boundary component of D˜ corresponding to B j ,
for i = 1, . . . ,q. Similarly, we deﬁne A′+i , A′−i , B ′±j for D ′ . Suppose that D˜ and D˜ ′ are 3-colored by{1,2,3}.
Embed D˜ and D˜ ′ to Σ simultaneously so that the following is satisﬁed:
(i) A+i and A
′+
i are identiﬁed so that the same colors coincide, for i = 1, . . . , p.
(ii) The identiﬁcation (i) determines a bijection of the vertices of Ai in D and those of A′i in D
′ for
each i. By this bijection, we identify A−i and A
′−
i , for i = 1, . . . , p.
(iii) B±j and B
′±
j are identiﬁed so that the same colors coincide, for j = 1, . . . ,q.
(iv) Any other intersection of D˜ and D˜ ′ is the crossing of two edges of D˜ and D˜ ′ at their inner point.
It is a very important observation that the identiﬁcation (ii) must be color-preserving, since the mon-
odromies of G and G ′ coincide.
Put a new vertex v on each of the crossing of e ∈ E(D˜) and e′ ∈ E(D˜ ′) arisen in (iv). Since D˜
and D˜ ′ are 3-colored, there is a color appeared in both an endpoint of e and that of e′ . We color v
by this color. Do the same for all intersections arisen in (iv). Then we can see that if two end points
of e are colored by 1,2 in D˜ , then all vertices on the path of the resulting graph corresponding to e
are colored by 1,2. In this path, if two vertices with the same color are consecutive, then we insert a
vertex with another color into the edge. Do the same for all edges. Let X˜ be the resulting triangulation
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X˜ is a common reﬁnement of D˜ and D˜ ′ .
Let X be the even triangulation on F 2 obtained from X˜ by identifying A+i , A
−
i , and B
+
j , B
−
j for
each i and j. Remember that D (respectively D ′) is a reﬁnement of G (respectively G ′), and that D˜
(respectively D˜ ′) is obtained from D (respectively D ′) by cutting. Hence X is a common reﬁnement
of G and G ′ . 
Let G and G ′ be two even triangulations on the same closed surface. We say that G and G ′
are stably equivalent if G with some 2-subdividing pairs and octahedra added and G ′ with some
2-subdividing pairs and octahedra added are N-equivalent. In particular, in the case when G and G ′
are 3-chromatic, they are stably equivalent if there exist integers p,q, r,m and p′,q′, r′,m′ such that
G + rb(p) + by(q) + ry(r) + (m) ≈N G ′ + rb(p′) + by(q′) + ry(r′) + (m′).
Note that G and G ′ may not have the same number of vertices.
Lemma 21. Let G be an even triangulation on a closed surface F 2 and let H be a reﬁnement of G. Then G
and H are stably equivalent.
Proof. For each edge e of G , we can ﬁnd a corresponding path eˆ of odd length in H . We use induction
on
∑
e∈E(G) |eˆ| and |V (H)|, where |eˆ| denotes the length of the path eˆ. If |V (H)| = |V (G)|, then we
have H = G , and hence we have nothing to do. If ∑e∈E(G) |eˆ| = |E(G)|, then H has G as its subgraph.
By Lemma 14(i), the 2-cell region of H corresponding to a face of G can be transformed into just a
face by the reductions. Lemma 12 guarantees the stable equivalence of G and H , and the ﬁrst step of
induction is veriﬁed.
Let P = r1b1r2b2 · · · rkbk be the path of H corresponding to some edge e of G , where k 2, where
r1 and bk are vertices of G . Let R1 and R2 be the 2-cell regions of H corresponding to the two
triangular faces of G incident to e. In particular, let ∂Ri denote the boundary cycle of Ri and let
Int Ri = Ri − ∂Ri , for i = 1,2. By the method to take a reﬁnement of G , we can color the vertices in
R1 ∪ R2 by red, blue and yellow so that each path of ∂Ri corresponding to the edge of G is colored
by two colors. It makes our argument clearly understandable. In this proof (even in the former part),
regard the vertices denoted by r,b and y with subscripts as those colored by red, blue and yellow,
respectively.
We shall prove that P can be shortened by the reductions. We ﬁrst suppose that H has a 4-
cycle C = r1v1r2v2 bounding a 2-cell region D for some vertices v1 and v2 belonging to R1 and R2,
respectively. We suppose that C is outermost, that is, there is no such 4-cycle through r1 and r2
containing C in the interior. If v1 and v2 have the same color, we may assume that D has just one
inner vertex, by Lemma 14(iii) (for otherwise, apply a reduction to get a smaller H). Otherwise, we
may suppose that v1 and b1 have the same color. We apply Lemma 14(iii) to two quadrangular regions
r1v1r2b1 and r1v2r2b1, and then D is assumed to have exactly two vertices. In the former case, apply
the contraction of the unique vertex of degree 4, and in the latter case, apply the 2-elimination of
the edge. Both reductions are possible because C is outermost in H . Then the length of P can be
shortened. Let K be the resulting graph by the reduction. By Lemma 12, since H is contractible to K
by reductions, H is N-equivalent to K with a 2-subdividing pair or an octahedron. By the induction
hypothesis, K and G are stably equivalent, and hence so are H and G .
Second, we consider the case when R1 has a vertex v1 adjacent to both r1 and r2, but R2 does not.
Choose v1 so that the quadrangular region bounded by r1b1r2v1 is maximal. This region is assumed
to contain one vertex or just one diagonal v1b1, depending on whether or not v1 and b1 have the
same color. In the former case, apply the contraction of the vertex of degree 4 at {v1,b1} in H . Then
the resulting graph is simple because r1 and r2 have no common vertex other than v1 and b1. Hence
we can do similarly to the ﬁrst case. We deal with the latter case in the following case.
Finally, we suppose that either there is no common neighbor of r1 and r2 other than b1. Let
r1 y1r′1 y2r′2 · · · r′l−1 ylr2 be the path on the link of b1 lying on R1, where l  1. Add a 2-subdividing
pair to each b1r′i , for i = 1, . . . , l − 1, and next add a 2-subdividing pair to each b1 yi , for i = 1, . . . , l.
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(See Fig. 15.) If we let H ′ be the resulting graph, then H ′ ≈N H + rb(l − 1) + by(l). (In fact, H ′ might
not be 3-chromatic. However it is locally colored by three colors and it helps our argument precisely.)
Now apply the 2-eliminations at the 2-subdividing pairs added on all b1 yi ’s simultaneously. Observe
that by the assumption of the current case, the resulting graph (denoted by H ′′) has no multiple edges
and loops. Clearly, we have H ′ ≈N H ′′ +(l), by Lemma 9(ii). Since the length of P is shortened in H ′′ ,
we can apply induction hypothesis to H ′′ and hence H ′′ and G are stably equivalent and so are H ′
and G . Therefore, G and H are stably equivalent. 
Lemma 22. Any two even triangulations on the same closed surface which have congruent monodromies are
stably equivalent.
Proof. Any two even triangulations G and G ′ which have congruent monodromies have a common
reﬁnement H , by Theorem 18. Hence G and G ′ are stably equivalent via H , by Lemma 21. 
7. Proof of the theorems
In this section, we shall prove our main theorems. At ﬁrst, we prove Theorem 3. Before it, we
shall prepare the following lemma which describes the relation of three integers satisfying triangle
inequality.
Lemma 23. Three non-negative integers m,n and l satisfy triangle inequality |m − n| lm + n if and only
if
m = α + β +ω, n = β + γ +ω, l = α + γ +ω
for some integers α,β,γ  0 and ω ∈ {0,1}.
Proof. If m = α + β + ω, n = β + γ + ω and l = α + γ + ω, then we have |m − n|  l m + n, and
hence the suﬃciency is obvious. So we prove the necessity by induction on m+n+ l. If m+m+ l = 0,
then we have α = β = γ = ω = 0, and hence we get the ﬁrst step of induction. Suppose that m,n
and l satisfy triangle inequality |m− n| lm + n, where we suppose that nm l. Let m′ =m− 1
and l′ = l − 1.
If m − n  1 or l  2, then |m′ − n|  l′  m′ + n. Therefore, by induction hypothesis, we have
m′ = α′ + β ′ + ω′ , n = β ′ + γ ′ + ω′ , l′ = α′ + γ ′ + ω′ for some integers α′, β ′, γ ′  0 and ω′ ∈ {0,1}.
Hence we have α = α′ + 1 1, β = β ′  0, γ = γ ′  0, ω = ω′ ∈ {0,1}.
Otherwise, i.e., m = n and l  1, then we have either (m,n, l) = (0,0,1) or (m,n, l) = (1,1,1). The
former does not satisfy triangle inequality, and in the latter case, we can take α = β = γ = 0 and
ω = 1. 
Proof of Theorem 3. By Lemma 13, every closed surface F 2 admits only ﬁnitely many irreducible
3-chromatic triangulations, up to homeomorphism. We denote them by I1, . . . , Ih . For each Ii with
tripartition V (Ii) = R ∪ B ∪ Y and for each permutation σ of {R, B, Y }, let Iσi be a copy of Ii with
Vr(Iσi ) = σ(R), Vb(Iσi ) = σ(B) and V y(Iσi ) = σ(Y ). Let { J1, . . . , Jn} be the union of the six graphs
for Ii for i = 1, . . . ,h.
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that for all i, j with 1 i < j  n,
J i + rb(pi) + by(qi) + ry(ri) + (mi) ≈N J j + rb(p j) + by(q j) + ry(r j) + (mj) (1)
where mi,mj ∈ {0,1}, by Lemma 8, and
Nr =
∣∣Vr( J i)
∣∣+ pi + ri +mi =
∣∣Vr( J j)
∣∣+ p j + r j +mj,
Nb =
∣∣Vb( J i)
∣∣+ pi + qi +mi =
∣∣Vb( J j)
∣∣+ p j + q j +mj,
Ny =
∣∣V y( J i)
∣∣+ qi + ri +mi =
∣∣V y( J j)
∣∣+ q j + r j +mj .
Let G and G ′ be two 3-chromatic triangulations on F 2 in the theorem. Then, by Lemma 23, there
exist integers α,β,γ  0 and ω ∈ {0,1} such that
∣∣Vr(G)
∣∣= ∣∣Vr(G ′)
∣∣= Nr + α + β +ω,
∣∣Vb(G)
∣∣= ∣∣Vb(G ′)
∣∣= Nb + β + γ +ω,
∣∣V y(G)
∣∣= ∣∣V y(G ′)
∣∣= Ny + α + γ +ω.
Since G is contractible to an irreducible even triangulation, say Jk , and hence, by Lemma 12, we have
G ≈N Jk + rb(pk + β) + by(qk + γ ) + ry(rk + α) + (mk +ω).
Since Jk + rb(pk)+by(qk)+ ry(rk)+(mk) ≈N J1 + rb(p1)+by(q1)+ ry(r1)+(m1) by (1) and since
a 2-subdividing pair and an octahedron added can be moved to anywhere, by Lemmas 6 and 7, we
have
G ≈N J1 + rb(p1 + β) + by(q1 + γ ) + ry(r1 + α) + (m1 +ω).
By the same argument, since G ′ has the same tripartition size as G , we have
G ′ ≈N J1 + rb(p1 + β) + by(q1 + γ ) + ry(r1 + α) + (m1 +ω).
Therefore, the theorem follows. 
Let G be an even triangulation on a closed surface F 2. When G can be transformed into G ′ by
a sequence of N-ﬂips and P2-ﬂips, we denote G ∼N G ′ . By Lemma 6, using P2-ﬂips in addition, we
can move a 2-subdividing pair to any edge. Therefore, by Lemma 7, we can deﬁne G + Γ (p) + (m)
to be an even triangulation obtained from G by adding p 2-subdividing pairs to some edge e of G
and m octahedra to some face. This expression does not depend on the edge and the face where the
2-subdividing pairs and the octahedra are added.
Proof of Theorem 2. By the N-equivalence (2), (3) and (4) in the previous proofs, there exists an
integer N ′ such that for all i and j,
Ii + Γ (pi) + (mi) ∼N I j + Γ (p j) + (mj),
where mi ∈ {0,1} and N ′ = |V (Ii)| + 2ni + 3mi for i = 1, . . . ,n.
Let N = N ′ + 3 and let G and G ′ be even triangulations on F 2 with |V (G)| = |V (G ′)|  N which
have a congruent monodromy. Since G is contractible to some Ik , we have G ∼N Ik+Γ (p′)+(m′) for
some p′  0 and m′ ∈ {0,1,2} such that 2p′ + 3m′ = |V (G)| − |V (Ik)|. By Lemma 8, we may suppose
that 0m′ −mk  1. (For otherwise, we have 0 =m′ <mk = 1. Since |V (G)| N = N ′ + 3, we have
p′ − pk  3 and hence G ∼N Ik +Γ (p′)+(0) ∼N Ik +Γ (p′ − 3)+(2).) Moreover, since N = N ′ + 3
again, we have p′  pk . Therefore,
G ∼N Ik + Γ (p′) + (m′)
∼N Ik + Γ (pk + a) + (mk + b)
∼N I1 + Γ (p1 + a) + (m1 + b),
246 K.-i. Kawarabayashi et al. / Journal of Combinatorial Theory, Series B 99 (2009) 229–246where a = p′ − pk  0 and b =m′ −mk  0. We can do the same for G ′ since |V (G)| = |V (G ′)|. Thus,
the theorem follows. 
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